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CHAPTER I 



INTRODUCTION 



The object of thi3 thesis Is to acquire a working knowledge 
of the principles used in the design of rotating shafts subjected 
to combined fatigue stress. 

Tho treatment Is divided into two parts: first, an Inves- 

tigation of the problems solely from the standpoint of stress; 
second, a discussion of the effects of stress concentration, 
hardnoss of material, and surface treatment In the determination 
of working stress. 

The treatment will bo restricted in that: 

1. Only axial and shear strenses will be considered, 
as shown for an element in the diagram below, 

2. Materials will bo regarded as ductile. Isotropic, 
and homogeneous. 
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In arriving at the general relations for the allowable 
working stress in shafting, tno sub-cases will be discussed; 
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(a) Axial stress varying between maximum and min- 



imum values while the shear stress remains constant. 

(b) Axial stress anc shear stress varying between 

maximum and minimum values of different magnitudes and in phase. 

Note that the axial and shear stresses can bo computed 

using the standard formulas: Ais. , ~tL , M.t-JC , VQ 
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CHAPTER II 



THEORIES OF FAILURE 



For the case of static stresses, the allowable stress can 
be determined in terms of the principal stresses using one of 
the theories of failure. In discussing the various theories, only 
those which are in near agreement with actual tests will be pre- 
sented as they rot only predict with more accuracy failure from 
static combined stresses, but also failure due to fluctuating 
stresses. Failure is defined as the beginning of inelastic action 
(yielding) . 

The treatment of the theories of failure will consider the 
most general case, that is, the stress condition of an element of 
a body is defined by the magnitudes of the principal stresses 
,fj and fj . For convenience, we presume 

The Maximum Shear Theory , as first suggested by Coulomb, 
assumes that failure of materials subjected to combined stresses 
is due to shear rather than direct stress. To lend support to this 
assumption, the physical appearance of material after being sub- 
jected to load reveals the presence of so-called slip layers of 
fine markings on the surface of the deformed bodies which approxi- 
mately coincide with the planes of maximum shearing stress. As 
Nddal (1) points out, the fine line markings were interpreted as 
the intersections of thin layers of material with the surface of 
the deformed pieces, in which the grain structure of the substance 
was distorted throxigh the yielding. These planes In certain materials 
are inclined at an angle of 45 degrees with respect to the directions 
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of the largest and smallest principal stress. Based on this 
assumption, Guest later- formulated the maximum shear theory. By 
this theory, failure occurs when the maximum shear stress in an 
element subjected to combined stresses reaches the value of the 
maximum shear stress at failure In simple tension. 

It may be shown that the extreme shearing stress occurs on 
planes bisecting the dihedral angles between the principal planes. 
The magnitudes are 

t± _f - j a ,nd rr - Q 

Z ' ~ ' ' ^ 

Because of the convention adopted above, the greatest shearing 

stress 1 3 z f7 — G ~3 

£- 

Since from the limiting case of simple tension or compression, 
the maximum shear stre33 becomes, 

The maximum shear theory preuicts failure will occur when C ^ 
becomes equal to the shear at failure in simple tension, or 

c <r 3 ^v~ 

The Maximum Strain Energy Thoory , as suggested by Bel'trami, 
later formulated by Huber, and still later again by Hatgh, pre- 
dicts that failure is based on the concept of energy of deformation. 
It assumes that failure results when the total strain energy of 
deformation per unit volume, in the case of combined stresses, is 
equal to the strain energy por unit volume in simple tension. For 

gradually applied loads, the strain energy per unit volume is 
tj - £7 e, j. cr£_e_a. v- &j~ 

a 2 — 

where e^, o and e^ are the principal strains. On substituting 
the values for strains In terms of principal stresses, the strain 
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energy per unit volume becomes 

£jr - £ T, % trj 1 > ^ A - •-? &T * I 7 A 5 ~ J ■ 

t here E Is the modulus of elasticity and^* is Poisson’s ratio. 

Sines at the beginning of elastic failure In simple tension, the 
unit strain is 0~/£ , the strain energy for simple tension becomes 
i . The theory then predicts that failure will occur when 
T7 - j'z £ «7 * ->■ (71 *■ * 7^^- c7^ ( r, n 01 Tj j. Gl, r, j J 
The Maximum Distortion Energy Theory was developed by Von 
Misea and Hencky. It assumes that failure begins in the case of 
combined stress when the energy of distortion or shear approaches 
the same energy at failure as in the case of simple tension. In 
the dovelopmont of this theory, it is considered that the total 
strain energy (U) is divided into two parts: the energy to produce 

a change In volume and the energy used to distort the element. 

Only the second part is used In the development of this theory. 

The theory was brought about by the fact that isotropic materials 
can endure large hydrostatic pressures without yielding. To de- 
velop the theory, wo first divide the principal stresses in two 
parts 

(77= *7Vj® , a *Z'+P* Q' + P 



where 



/' =,r ( <77 + 77 *■ 3 ) 



Since from, this theory 

\ / - ' 

the stress condition 47 , 7 , produces only distortion and the 
change in volume depends entirely on the magnitude of tho uniform 
tension (p), the part of the total energy due to a change In volume 
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where e = / eg / e^. Subtracting the total energy due to 

a change in volume frorr the total strain energy as determined 
and using the Identity 



u. 



£ ( *> q )* + (Q-r.fi ' 



rj ri o'*, + '3 ?7 - - 
the part of the total strain energy due to distortion can be 
presented in the fora 
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The distortion energy at failure in simple tension is ob- 
tained by placing 71~ (Q- o and C7 = (7" or 

y ~ L { t~ x 

3 £ 

For combined stress, we then have 

\!= ± [C7 Z-r^+(T t -(T3)\(Gl-<Z)'‘J : r 

It ia of interest to note that the expression within the 
brackets namely, 

( (77- 71)\ L <71- Qj +(?7 -GZ)*' 

Is proportional to the square of tho shearing stress on an octahedral 
plane (planes whose normals have direction cosines ± / J 
with respect to the principal directions. ) 

Since the expression for the octahodral shearing stress is 



+ ' f /( 77- n) r 9 ) ^[77- Vl) X 



the condition for failure may bo expressed as 



r,ct = nr/ 0 
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CHAPTER III 



SIMPLE FATIGUE STRESS 



With the static criteria of failure established, a dis- 
cussion of the manner in which an expression Is determined for 
failure of materials subjected to simple axial fatigue stress 
is next presented, since both concepts are used in the develop- 
ment of theories of failure for materials subjected to combined 
fatigue stress. 

For simple axial fatigue stress, the variation of stress 
with time is usually sinusoidal. It may be represented as in 
Figure 1 (see separate sheet), and expressed as: 

(T * /■ UJ 

The representation further shows that the values of the mean 
stress and the variable stress (T? are 

~ 1/7 * m 1^4,, - *»»/<, 

2 - ' 2 - 

The stress is thus conveniently thought of a3 consisting of 
two parts: a reversed stress superimposed on a steady, or static, 

stress. 

With this In mind, two limiting conditions of stress at 
failure are possible. For the first condition, (T* = -o , the 
stress i 3 entirely static and failure occurs when fyp (the 
yield point in simple tension or compression). For the second 
condition, = o , failure results from complete reversal of 
stress repeated a large number of times. From this type of failure, 
the endurance limit or fatigue limit (T< of a material is obtained. 
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The endurance limit .1.3 considered as the maximum stress which 



a member can sustain for an indefinitely large number of cycles 
(usually taken a3 at least 10 million cycles for ferrous materials 
and about 50 million cycles for non-ferrous materials). Fatigue 
limits have been determined for various typos of simple stresses 
such as alternating tension and compression, bending, and torsion 
for most of the materials in use today. It is of interest to note 
that the value of r*. , as determined from tests of materials, 

Tlmoshewko (2), &oore and Koomers (3), is appreciably less than the 
value oZ7yf> for the same material, thus the resisting strength of 
materials is reduced under the conditions of variable 3tros3. 

Since most problems present conditions intermediate between 
these extremes, it is necessary to consider all possible combina- 
tions of maximum and minimum stress or, more properly, it is nec- 
essary to consider tho effect of mean stress on fatigue strength. 

A great deal of information can be obtained for variable axial 
stress and a typical diagram (Figure 2, see separate sheet) shows 
endurance limit ratios for a number of combinations of axial 
fluctuating stross 3 ( is the ultimate tensile stress.) 

Various attempts have been made to interpret 3uch tests. The 
methods used reduce to empirical equations giving relations between 
the variable and mean stresses or the maximum stresses at failure. 
Of the various proposals, three are most used in design and aro 
presented as follows: 



which assumes that the relation for defining the variation of tho 
variable ntress with mean stress is of the parabolic form. 



GBRBSR'S LAW - Gerber's law i3 an empirical relationship 




8 



: - • ’ ! " 1 - - - x. ■ • . ' MO » I l ' 10 cu, rt? 

i “ L '• *'. r ‘*L !*•' \m 10 UidiO*. w t - tfaer. • 

,; '' UJ|S " , ’ 1 ' nolliln ; t.Jj, e* nniJ ^Ilrueu) 

* v '* r * 1 lM * •*««•* --no v. - Lox- o 11 ■ Oo Joo-ifl bn*, 

1-1 * ta ►•ni v.o. . i*‘i n^ed vv a %i :.-.i i 

• «i •. « nsJi* *• ri 0 ... 

..•»* ®f / i> e .-*1 . • of .to a: ...ird- *nd i0 d.oe ,®1 

’**' '* “ ' 11 1 m/ " r '' T * kani i f* t. , jT\ lo »ul*v -rd j*.dd 

**“ * ^ el t (Cj «t.«ooJ ' • ooi , (2) a»'»«mo»lf 

ir °** " ‘ ,#l * ’ ^ » ’ ,!• ' .c toI ^l' lc e!jll , 

'* * -t • * e.'.lJ »oo e*id lai.o*-- „.[ c X » I ,^»i 

'***' ,J *•• ' •' * • f -’•• 't'foo dn«t>%'Tq 5cu? 4 5 ot . j.o* ai *. t 8 

: .:o. !!• » . '».:oo od ?T>ieBcon b! d • , 6 - ondra »t *rfd 

1 ' »'■*' -'• ’ t>‘ •* •••*« n't bno onvlxa-n lo enold 

.ridart»i*t «.• , ' o .c .. .it .!. :•• 1 d -lie v«id loblenoc od 

X.'x* 'a Oc .d ‘iolJ&/r lc ,-j n j[ *> 0 xb*i» d..fi« A 

• -o.it (?•».;» iJ - »* ,'J * . • 7 ) I*s,lq?d a in*, t.-id* 

1 *. x. lo e ^ d » 4 t o* lo < - p ool solda-i d:*ll :o,<.Tan. 

(.eei-.d* jits ad ill • >T^ ) 4 e cvtda gn* d* cdot ll 

ill .ad«-d o-.e da^q-i^di, >d .-c^- n -d • ed Hi euoI-~tti\ 
nf*/*. j%d BnoXJ 1 ' ■* X t so. od •onbo beet/ e- orid^o 

.►ti/1 1*1 j«* e < • • It it.. - pii. . srBio'idi bo bna ••Icb'i* arid 
** 14 ' tin6 '^- ‘ 5 " f ’ ' *- • d - - ’ ? fid . » ■ » • o ;oi i t '•>:«!. n'd 10 

jd'-ollo*. •.« b**dn*--Tq 

jMearfd»lf, iMiil. •• . #1 .# k : ; -j -. .. - ... 3 if; . ~ : ,r, 

** ’ •■'d*-'\* 1 * » * ■ . : . ! •.'! ♦. id Etauu • rfol.i# 

>1 - i;. a 4 • dB .Idal-it 

~ j - ' = dll 



8 



or. In terras of the variable and mean stresses, 

r 2 - e ( fm/Fu ) i 

QC0E£7vR LAfo - The Goodman Law is an empi rical law 

which assuraos th..t the relation defining failure for different 

combinations of variable stress and aean stresses is a straight 

line between the end points The equation for 

this straight line i 3 

L T . L / f"e * / - ' *» / 

or, in terms of the variable and re an components, 

(T* ~ re- - ( fc 

STRAIGHT LI NS LAW - The Straight Line Law proposed by 
Soderborg (4) assumes that this relation is defined by a straight 
line between the end joints ^/fc and Fy p / fi*t 

The empirical relation 13 

r ^/fe « /- r™/r r jo 

or, in a fora which will be later used 

1 m 4, X i ( / - ( c / p J -/• {7~^ 

Of the three empirical relations, the Straight Lino Law 
predicts with more accuracy failure under simple fatigue stress and 
will bo used in the later developments of the combined fatigue 
stress theories. The major objection to the Gerber and Goodman Laws 
is that some of the test data falls below the orpirioal curves (on 
the unsafe side, indicated in Figure 2). 
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CHAPTER IV 



COMBINED FATIGUE STRESS 



Under the conditions of variable stress, it was shown 
in the previoiAs chapter that the resisting strength of a 
material is reduced. In tho same way, the resisting strength 
in the case of combined stress will be • odified. Since we are 
dealing with combined fatigue stress, the determination of work- 
ing stresses for fluctuation loads will require the development 
of theories for defining failure as was done for the case of 
static combined stresses. The development of these theories 
will bo presented In order to develop an accepted expression 
for the determination of working stress for the case under con- 
sideration. 

The treatment of the theories of failure will consider the 
roost general case as well as the case under consideration with 
one restriction, that is, only the case under consideration will 
be considered for the Shear Theory. For the general case, stress 
conditions on an elemental body are defined by the principal stresses 
and 77", '3 where the prime and double prime 

notation refer to the maximum and mean values of principal stress, 
respectively. The notation is similar to that used by Marin (5). 

SHEAR THEORY - To develop a 3hear theory for failure, we 
first express the equation for defining failure 

(Ts*t 4 . X * C I ~ f "«/ Py f 3 ) frH / flz, 

in tenns of fluctuating shearing stresses instead of fl ctuation 
axial stresses. 
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Tho conversion can be accomplished by ro. lacing (j~m4 . * and <T7yi 



by 


7 ""V>i a. x c QTmt ox J 3^ 


and 


Pm - > m 


giving 


the equation 

D»*.x = 


Cl- /Gyp) 


T'yrt ~h <TcJ 2. 



Since for this theory only normal and shearing stresses 
will be considered. It is necessary In defining failure to con- 
sider the shear stress Ts or ®rsy piano as shown for the element 
in question, Figure 3 . 



^ 7W7V 




For thla particular plane, the maximum and mean components 
of shoar stress are 

f w4r; -a ( r+ir*) *"> cs e ■+ 

7~ /T7 •= (T~ \s //> <3 & + r t~' C.O S J) €> 

Failure for the plane, by tho shear- theory will occur when 
the above value of 7"^,*,/ and Dr? satisfy 1’q. a. 

Therefore, 

(_<r+r, -r(‘~ r*ir, <- r- (r+r„)Jc~™ <■ r e 
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To doteroine tho critical plane on which failure occurs, 



the above equation can be defined in terms of an equivalent 
stress o{ on any plane such that 





maxlnmc value of o< ocurrs when 



i~6. h £ 6 = Cl- < i~e/ fy f*) r~ - ( I rv ) 




On substituting the value of into Eq. (b) and combining 

terms, failure by the 3 tress theory is expressed as 



the case of this theory is that failure occurs in the case of com- 
bined stresses ?»’hen the distortion energy corresponding to the 
maximum value of stress com. onents equals the distortion energy at 
failxire for maximum axial stress. It is also necessary to require 
that this appll s for equal values of distortion energy correspond- 
ing to the mean axial and mean combined stresses. To arrive at the 
above condition, it lo necessary to define the fluctuating axial 
stress in terms of distortion energy, and use the relation as de- 
termined from the derivation of combined static stress. Tho dis- 
tortion energy at any instant of time for simple axial stress as 
determined previously is 
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From this equation, the values of distortion energy corresponding 
to the maximum and mean values of fluctuating stress are 

\ m a,i - £ ) ( iJ ) j \/ +” - i 

Since our equat’on for failure is 

(Tm At* C t ~ ^ / e 

failure in terms of distortion energies can now be expressed as 

(~V^7-~ ( ' - re/ryf) njZ~ !■ ( Pff ) fk 



To get some general relations, the three dimensional case 
will again be considered since it was determined under theories of 
failure that distortion energy in terms of static principal stresses 

is 

V = ( iJ^L) jjr; 1 * c (r,r* + rz<r; agt^ 




This genox^alization would give values for distortion energies 
corresponding to the maximum and mean components of stresses as 

('-%£) Rtf* ■* (C')^(qj (cK + rJr J ‘-Kr/r 3 -)] 



Failure by the distortion energy theory Is now defined by 
substituting these expressions into the failure relation such that 
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For the two dimensional case in which the combined stresses 



are the principal stresses, the distortion energy theory predicts 



To express this theory for the two dimensional stress com- 
ponents of Figure 3, it is only necessary to express the principal 
stresses in the aoove equations in terns of stress cor H onents. 

The substitution gives 

(p~ c * ( tT+Tr)* ~+ 3 ( rv 7 vj *■ *■ ( i- ~c/Cyp) f~ ir 4 * T7rj*~ 

STRAIN j-N liRGY THEORY - Using the assumption that failure 
occurs as a result of total strain energy rather than distortion 
energy, another theory of failure can be developed. Since the 
manner of developing this theory is similar to that used for the 
distortion energy theory, the t th<pee dimensional case for strain 
energy may be expressed as: 



(on letting ^ ^ o ) 





- C/- r*/r yp ) r Tr) x +<CJ')^(Q'T- 



or In the two dimensional case whore c 0] "= 
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This equation may bo U3ed In applications where the normal stresses 
rather than the principal stresses are known. For such cases, it 
is only necessary to substitute for the values of principal stresses 
in terns of components in Figure 3 to conform with the stated 
problem. Making this substitution, the equation becomes: 

fc = /7 rv <rv ) v rv rv) - ( /- auts*) r *■ 

To summarize the above results, the equations for failure 
as depicted for the first two cases will be given in order to 
better compare them with test data. 



Case (a) - Axial stress varying between maximum and minimum values 
while the shear stress remains constant. Failure will be pre- 
dicted according to the theories as follows: 

Shear Theory <Te = / U/r, f (T-> r r ) \ 4 ( Ft /C yf )( r ‘T 
Distortion Energy Theory c. * j r 3 T*~ ~C'~ ^ 

Strain Energy Theory (7e = J ( q~+ f>)*V T * ~(l~ fe/fyp) (<T + 3( 



Case (b) - Axial and shear stress varying between maximum and 
minimum values of different magnitudes and in phase. Failure will 
be predictod according to the theories a3 follows: 
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Shear Theory 

(j~e - f u ( rc/ryp) <r+fr ~ + ^ f^/fy j° + tv ) i_ 

Distortion Energy Theory 

fe* fc rv-ov) v 3(r+r„)' m - ( /lr*+7r *- 

Strain Ehergy Theory 

f c * /cr+<n,)\ mts'XT+Tvy- ~ ( i- &/<?/») - 

Since three different theories have been presented and ap- 
pear justified for design, the next important question to be 
answered i3: which of the three theories should be used in the 

design of shafting? In order to answer this question, it is 
necessary to rely on experimental test data, of which there is 
little for the problem under discussion. 

To date, it appears that for ductile materials, the distortion 
energy theory more closely approaches test data than the maximum 
shear theory or strain energy theory. This is indicated by tests 
in fluctuating bending and torsion with complete stress reversals 
made by Gough and interpreted by Karin (6), Figure 4. In the plot 
of the test data F and F i- are the principal stresses and 

the endurance limit for simple tension and compression. The stress 
ratios F/fe and at which failure occurs under combined 

bending and torsion are Indicated by small circles and dots. Ex- 
periments by Lea and Budgen, Figure 5 and Figure 6, v.ere made on 
circular specimens subjected to static torque and completely re- 
versed bending stress. Here again. It is of interest to note that 
the distortion energy theory more closely approaches test data than 
do the other theories. 
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Of interest at the present time arc experiments conducted by 
Gough (7) which more closely approximate conditions set forth 
in the problem under discussion. His work consisted of deter- 
mining an empirical equation for variable bonding and torsion of 
different magnitudes in phase. The empirical expression (in terms 
of the problem under discussion) Gough presented for failure is: 

( TrlTe)* + ( ( ^/Te. - /) + <r*/Ce ( ^JTc) » / 

Where Is the endurance limit in pure bending, T"*. e is the 
endurance limit in shear. As this equation is only developed 
for one material, it La of little assistance in present design, 
but indicates that research is underway to endeavor to determine 
a more exact expression for failure under condition of combined 
fatigue stress. 

Since some basis for calculation of allowable stress under 
the assumed conditions has boen established by the development 
of theories, to avoid failure in actual design, the stress imposed 
on shafting by operating load3 roust be less than this stress. To 
determine the relationship between the allowable stress, or working 
stress, in place of the stress components at failure, the axial 
stress at failure Tc Is replaced by it3 working stress value 
where /j is the factor of safety. 

The problem, of choosing an adequate factor of safety in 
design is influenced by many factors. Some of these factors are: 

1. Deficiencies in the theories of failure; 

2. Assumption that materials are perfectly elastic, 
homogeneous, isotropic, and adhere to Hooked Law; 
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3. Machinery and fabrication errors; 

4. Time effect, that is, no allowance is made in 



the deterrr ination of working stress for the deterioration of 
material with time due to corrosion, creep, electrolytic action, 
etc. j 



In consideration of those factors, it can bo realised that 
the factor' of safety must bo greater than one (1), that is, the 
design must be overbalanced in favor of strength. Factors of 
safety are generally based on judgment and experience of tho 
designer. For shafting, for example, the factor of safety has 
been judged to be between 2.25 and 3.00. 

Since th© method of determining the working stress lias been 
considered , the equations defining failure by the various theories 
can be obtained. For comparison with static states of stress, 

Doth sides of the equation will be multiplied by Tiflfe. auch that 
working stresses defined by the various theories are: 

Shear Theory 



5. Loads are rarely known accurately. 




Distortion Energy Theory 
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Strain Energy Theory 
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CHAPTER V 



In the design procedure presented in the previous chapter, 
the assumption was mad® th_it the shaft was of constant cross 
section or gradually varying cross section and that the shaft 
did not contain any discontinuities. However, no mention v.as 
made of any particular characteristics of the material such as 
hardness or the effect of surface treatment. In presenting the 
effects of these items on shafting, the topics will he taken up 
separately dividing the chapter into three parts. 



PACT I 

STRESS CONCEHTRATIQH 



The effect of stress concentrations on metals subjected to 
alternating stress is of importance to engineers designing shaft 
ing because stress concentrations are invariably present due to 
fillets, holes, keyways, etc. 

In the mathematical analysis of stress concentration based 
on the theory of elasticity for static loads, the results are 
usually stated in terms of a theoretical stress concentration 
factor: 



K s maximum stress of the section 
nominal stress' of the section 



since it is a function only of tho geomotry of the member for a 
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specific loading condition. 

If the loads acting are alternating, the stress concentration 
factor can no longer be defined as above because test results show 
that the full effect of the theoretical stress concentration factor 
is realized in only a lir.ited number of cases. The decrease of 
strength brought about by discontinuities Is stated in terms of a 
fatigue stress concentration factor. 



k 




ordinary endurance limit without stress 

concentration 

endurance limit "wi'tK stress concentration 
effect 



Peterson (8) in a discussion of stress concentration, suggests 
another way of presenting this factor which is the percentage 
decrease (d) of endurance strength due to stress concentration: 

d r - f~c. y/e> o 

re. 



To find some basis for n K" being less than "k”, Peterson (8) 
evalued the principal of "stress concentration index" or sensi- 
tivity index which ho exprosaed as the ratio: 



The value of "q" ranges from zero (when k a 1.0 for certain tests 
of cast iron) to unity (should the fatiguo stress concentration 
factor "k" attain the theoretical value "K"). 

There are many factors that influence the magnitude of the 
stress concentration effect in the case of fatigue. It has been 
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found by te 3 ts that while theoretical stress concentration factors 

are independent of the material, as it conforms to Hooke’s Law, 
test data shows that fatigue stress concentration factors are not. 
Likewise, it appears that the variation of "k" for similar test 
pieces of different materials cannot be correlated with any of the 
ordinary properties of materials such as ductility and hardness. 
Although for stools, Peterson (S) presented test data which in- 
dicates a possible relationship existing between fatigue stress 
concentration factors and ultimate strength. Another important 
effect is the 3 ize of the discontinuity. If the material and size 
of a specimen or shaft are kept constant and the size of the dis- 
continuity is varied, the theoretical stress concentration factor 
d©3creaae3 as the size decreases. Fatigue stress concentration 
factors show a similar tendency except for a marked decroaso for 
very small discontinuities. Still another important factor in the 
determinat ion is the effect of size. Peterson found for various 
types of steel that there is very little variation in endurance 
limit in geometrically similar specimens without discontinuities. 
However, for geometrically similar specimens having holes, fillets, 
or artificial cracks, it was determined that small specimens have 
higher endurance limits than larger ones. This Indicates a lower 
stress concentration factor for small elements. For example, in 
the case of circular shafts, with a transverse hole, of .45$ 
carbon steel with a ratio of holo diameter to shaft diameter of 
0.0625, the stress concentration factor determined experimentally 
for reversed bending increased from 1.33 to 1.84 when tho shaft 
diameter was increased from ,5 to 3.0 inches. 

With the knowledge that fatigue stress concentration factor 
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can be determined from test data, the important question is how 
should these factors be applied in design? Since Mdai (1) 
determined that materials havo sufficient elasticity to allow 
for localized yielding under static loads, it may be assumed that 
stress concentration effects only the fatigue stress. Tests by 
Peterson verify this assumption. Therefore, in determining the 
working stress, stress concentration should be applied to the al- 
ternating component of stress and not to the static component. 
Since in this paper working stress is determined from the values 
of maximum and mean combined stresses, the effect of stress con- 
centration is to leave the mean stress unchanged and to increase 
the alternating component, thereby increasing the maximum stress. 
For actual values to use in design, references such as 
Llpson, Noll, and Clock (9), or Roark (10) may be consulted. 



PART II 
HARDNESS 



Since endurance limits, which are a measure of the allowable 
stress under fatigue conditions, for all types of materials are 
unknown, a search has been made by engineers to determine if some 
correlation can be made between this property of metals and other 
properties that can be measured v/lth comparative ease. 

Among the mechanical properties that can be used to give a 
good estimate, hardness is considered by many to be the most 
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valuable for steels. Considering non-ferrous metals, there is 
too much scatter of results to Justify any correlation for esti- 
mating endu ran c e 1 ira 1 1 . 

The one factor that makes this possible is that for static 
loading tests, the relationship between hardness and aensile 

strength, reference (11), is represented by a band that includes 
test data on alloys as well as ^lain carbon 3 teels. The band width 
for all practical purposes can be considered negligible. That is, 
hardness may be considered proportional to the tensile strength. 

In the case of endurance tests, the relationship between 
endurance limit and hardness was further complicated by the fact 
that tests showed that endurance limit did not only depend on 
hardness, but is also a function of the quality of the surface. 

For example, Hankins, Decker, and Mills (12), indicated that the 
variation in endurance limit between specimens finished with fine 
and coarse emery paper wa3 3$ for a steel of 118,000 tensile 
strength and 11$ for a steel of 138,000 ps/ tensile strength; and 
Hager (13) found no difference in endurance limit between rough 
and finished machined specimens of soft steel, the endurance limit 
of both being 10$ loss than for polished specimens. From a group 
of such tests (considering the fact that tensile strength is ap- 
proximately proportional to hardness), Llpson, Noll, and Clock (9) 
devised a set of curves, Figure showing the variation of en- 
durance limit with hardness for materials whose surface conditions 
are in four groups; ground, machined, hot rolled, and forged. The 
ground surface finish includes ground, /*oncd, lamped, and super- 
finished, and the machined surface finish includes rough and 
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BRINELL HARDNESS 

Fit;. Relationship between hardness and strength for fatigue loading. 



finished machined. Further evidence of the validity of these 
curves i 3 given in tabular form by Eddy (9) for Brinell hardness 
ranging from 160 to 555, 



PART III 

SURFACE TRcATMEfiT 



Another factor which influences attainable stress is sur- 
face treatment. In most cases, the treating process i3 applied 
to metals to improve such properties Q3 wear, corrosion resistance, 

etc. 

The commonly used processes whose effects havo been studied 
are cold working and surface hardening. These two processes will 
be considered separately. 

COLD WORKING : 

In cold working, the material is strained oeyond the yield 
point and caused to flow plastically. The outstanding effects 
on metals are to raise the elastic limit markedly, noticeably 
increase the tensile stress, and decrease the ductility. 

Cold working of metals appears to exert two opposing effects: 
(1) It elongates the crystalline grains in the direction of 
working into a more favorable position for resisting slip and 
fracture; (2) It tends to start new minute fractures, or tends to 
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set up severe Internal stresses in the notal making fracture 
possible by a 3mall additional applied stress. That Is, for some 
degree of cold working, there i3 a maximum net benefit while for 
a more severe degree of cold working, the damage done increases 

more rapidly than doe 3 the benefit. 

The most commonly used methods of cold working are cold roll- 
ing, stretching, and shot peening. The effect of all throe of 
these processes appears to be an increase in the fatigue limit of 
materials. The amount of increase is usually a function of the 
condition of the surface before the process is applied, A variety 
of results has been obtained for the effect of cold stretching on 
the fatigue limit for non-ferroua metals. Tests (3) of brass and 
copper rod lr which there is a reduction of area of 55$ in a single 
pass of the cold drawing process showed no increase In fatigue limit 
over the limit of the same metal hot rolled. Tests of nickel and 
of other non-ferrous metals subjected to 1 g 3S drastic reduction, 
than that mentioned above, showed an appreciable increase in fatigue 
limit over the same metal annealed. For detailed data on non-ferrous 
metals, references such as Moore and Koinmers (3) or Metals Handbook 
may be consulted. 

For ferrous rrotals, the 3arae general trend is noted. From a 
compilation of data (9), a general observation appears to be that, 
for any type of cold working, the minimum increase of fatigue limit 
is 2$ for a polished hardened alloy after shot peening to 150$ for 
a cold rolled machined specimen (SAE 1045 steel) after normalizing. 
Although insufficient data are available to make specific conclusions 
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on the beneficial effeot of cold working on fatigue Halt, the 
general trend can be noted in the case of shot peening. In the 
case of un-notched specimens, the increase In the fat’gue Halt 
for polished specimens seldom exceeds 20$, ar.d In many cases, is 
less than 10 %. For hot rolled specimens, the corresponding increase 
is 30 to 50 % and for as-forgod parts, 100$, The general trend is 
also apparent in the case of notched specimens, although the per- 
centage improvement is higher. 

SURFACE HARD hi-? I KG ; 

Surface hardening is a process which increases the hardness 
of the surface to a depth ranging from a few thousandths of an 
inch to % of an inch or more. Only a comparatively few number of 
tests have been conducted. They all show an increase in the en- 
durance limit for ferrous and non-ferrous metals. 

Remembering that endurance limit may be determined from 
hardness (Part II), Lipson, Noll, and Clock (9), presented a 
method for estimating endurance limits for surface treated ferrous 
parts. The method is based on the premises that, through hardness 
distribution over any cross section is non-uniform, the hardness 
distribution may be thought of as consisting of a hardened case 
and soft core. With this in mind to determine whether the case or 
core hardness should be used, the method proposed consists of super- 
imposing the a, plied stress on the allowable stress as estimated 
by hardness. By using this method, it was determined that for 
estimating endurance limits, the hardness of the case should be 
used for un-notched machine parts while the hardness of the core 
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should he used for sever el notched machine parts. Teat data 
substantiated this method for carbonized un-notched specimens 
(9). It can be surmised that .it will apply to induction hardened 
and flame hardened machined parts. However, because of the nature 
of processing, there is between the case and core a transformation 
zone that Is essentially ir. a normalized or annealed state. Its 
hardness may be less than the hardness of the core. Therefore, 
for conservative design, the hardness of the transit ior zone, 
rather than the hardness of core, should be used for un-notched or 
mildly notched machine parts. In the presence of sharp notches, 
the hardness of the case should be used for carbonized machine 
parts . 

In the case of nitriding, tests have indicated that the en- 
durance limit is unaffected by surface finish for un-notched or 
moderately notched specimens. Only very sharp discontinuities 
show any decrease in endurance limit. As a result, the above con- 
siderations are not applicable for nitriding; thus, endurance limits 
experimentally determined should be used in design. 

For other discussions on the effect of surface treatment, 
see Peterson and Lessens ( 14 ) , V»oodvinc (15), and Hoger (16). 



27 



•*"» • . - . • .... . 

U!t ♦' «.*• ... * , u , c »| M | 

♦ h/v'm ca’ \ ? •zu^.a ,i*»- o.. .•/• | ,.s . -«* . # .*i u , f|r 

-1/ .. <»5:* 1 .. ». M«i-< • 'Jo 

3 ■ < • c {* ,-j. ' • .1 * .1 I : c t 3*ti OJ» 0 * 

‘ * •? • • u ** i • *i .--i r «i -i i V..4 ?«. .^'■.*1 

’ * r * * *• -*" n ' • *>• * if'Si i* l » i, , * • ?4«i. >>• I ? rfli: * I* iC»‘l 

- h *rt. .* r .v • ... liccrr 0 ^ oo c «<.’ * . :A; - 

.»• ’* ' : J ; * : *U. 5/ tl .kJ’in * 4 i hi-, « • • ' -*Oil , fc II.- 

ii-.'.j.’ . t . -'.■«••• pj •» nj* 

. * '£C, 

' ».<J ....J < c% . in** j, ••,*!* »o na/ . 4j H 

••• • - v- • r- 4 1 n*»il • onr\ab 

e lr 1 ' * ‘ ^ •*' * • i%- U-0 .. .♦ .. .• o .11, ■■,.-» tl«j. -•{,** 

- o • ’ a «4 a* >> j|i - 

• * T 1 ,£: i jwt.'h 'ift -(« • *• 

wi.o, 4 -r f ~* — ‘i-i-pt 

n tr * /.»£. Js- *c,*\l* erfl ,r> «nol<i >• . u.iJ« 

.(61/ t%%oa t) wu:vt»*oi t (M) ml, ««»e « <» r» o .•* «w 









TR 



CHAPTER VI 



ILLUSTRATIVE FR0BL3TS 



In ordor to illustrate the use of the suggested concopts 
for tho design of rotating circular shafts for cases (a) and 
(b), a group of prci.lems is presented in a'hlch tho dla-eter (d) 
is the doslrod quanity. The loading will be restricted to pure 
bending and torque. The distortion energy theory of failure will 
be used throughout since it was suggested in Chapter IV that it 
tr.ore accurately predicts failure when shafting is subjected to 
combined fatigue stress. The material is assumed to be a 8.A.E. 
1035 steel which has been quenched in water at 1525-1575°F with 
a Brinell hardness of 212. Since accurate data for yield point 
stress <Ty and endurance limit 0~e. is not known, values are 
taken from reference (9) ( Fy e>e>yo & ✓ ^ (Ta • -./) 

To show the effect of stress concentration, a profile keyway is 
considered. The values used for fatigue stress concentrat ion 
factors are those given in reference) (9). In each problem, the 
safety factor (ft) is considered to be 2.5, The rotating shaft 
is shown diagramnaticallv in Figure 7. 
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ROTATING CIRCULAR SHAFT SUBJECTED TO FLUCTUATING r’URE BENDING 



AND STATIC TORQUE 

Let the value of bonding moment varj from a n axinun , 

tf': ncoo Ibfot to a minimum, A'? % 3 . 000 / 6 ^ , while the torque 

remains constant, Jbh 

The normal stress produced by the moment A7 will vary as 
the shaft rotates, and as ^7 changes from a maximum, M’r/JT 
(point A, Figure 7), to a minimum,- to' r/T (point B, Figure 7). 
The values of maximum and mean normal stresses are; 

<f + <Ty - 3 <2 W' - /J.Ji'x {_£ */> 3/ j 0 - O 

17 d* 3 3 

The shear stress produced by the torque remains constant; 
thus, the maximum and mean values of stress are: 

7- / 7-v _ 7- - _2£ £ZLt- - 3. o & a 

'T* 3 ■ P3 



Since the criteria of failure is: 

^ = [( r+ry)\ 3 - (/- r c / r y f> ) (Tr^- 

substitutlng the values given above into this expression, the 
diameter i3 determined to be 

d = /. 9 £' /n 
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ROTATING CIRCULAR 3HAFT SUBJECTED TO FLUCTUATING BURE BENDING 



AND STATIC TORQUE WITH A PROFILE KEYMY 



Let the bending moment and torque remain the same as the 
previous problem. As a result, the onl> change in stress Is 
that the maximum normal stress (same as the variable component as 
( e> ) becomes <T+ t rp . This follows the concept developed 
in Chapter V, that is, the fatigue stress concentration factor 
is applied only to the variable stress. The value of ><-6 
(fatigue stress concentration for pure bending) from reference 
(9) is 2.0, 

Since the criteria of failure is: 



substituting the values given into this expression, the 
diameter determined is d s 2.5 In. 

Note due stress concentration the required diameter has 
increased by 30$ as corrpured to the previous problem. 
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ROTATING CIRCULAR SHAFT SUBJECTING TC r LUCTUATIKO PURE 3JKDING 

AND FLUCTUATING TORQUE 



Let the value of bending moment vary from a maximum 

/ty's /leee/b//, , to a minimum, a?"* &cco 76//% j while the torque 
varies from a maximum, 07 ^ = coeo/6y, , to a minimum, </t>e 0 /& / s. 

The normal stress produced by the varying moment will re- 
main the s&r.e as fcr the first two problems, narr.ely; 



(T+ s U "i ' 

/7 cf* 



/£ >3 S' X /£>** ,, 
/6 /*) 



(T~- 



o 



The shearing stress imposed by the torque will vary a3 the 
torque changes. The maximum mean and variable values of shear 
stress are: 



TV 7 "V = ' _ 3, at. y/a* y._ y 4 

7TJ* • ~J* J ' 77 



■X4- /AV V 3.s-s*,*' 



TV -- JA- 

77^ 



( 



/*7 6 - 



>- 



S'/ A /o 



Since the criteria of failure is; 



7 KJ - 





substituting the values given into this expression, the diameter 
is determined to be d = 2.00. 
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The conditions of loading are considered to remain the 
sarre as in the previous problem. The only changes in stress 
are that the maximum normal stress (sane as the variaole stress 
as r~ o ) becomes and the maximum shear stress be- 



centration factor follows the concept developed in Chapter V, 
fatigue stress concentration factor is applied only to the 
variable stress. The values of (fatigue stress concentration 

factor for pure bending) and (fatigue stress concentration 

factor for applied torque) are, from reference (9), 2.0 and 1.6 
respectively. 

Since the criteria of failure is: 



substituting the values given into this expression, the diameter 
is determined to be d = 3.0. 

Note due stress concentration the diameter ha3 increased 50$ 
as compared to the previous problem. 



comes T+K* 7> 



The application of the fatigue stress con- 
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CHAPTER VII 



CONCLUSIONS 

Since to date, no exact solution is known for determining 
the failure of machine components subjected to fatigue stress, 
it is the author’s opinion that the distortion energy theory 
gives the best approximation for varying tension, compression, 
and shed’ loads in phase. 

From an analysis of the problem, the best analytical ap- 
proach appears to be that stress concentration effects only the 
variable component of stress. Furthermore, the endurance limit 
seems to be a function of the hardness of, and surface treatment 
applied to, materials. Thus, it can usually be taken into the 
analytical approach depending on the previous history of the 
material . 

Since the overall problem of fluctxiating loads Is of such 
great interest to designers, the writer feels that more research 
should be conducted in order to determine a more exact solution 
for the problem of combined fatigue stress. 
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